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1. Introduction
Let k be a number ﬁeld, let n > 1 be an integer, and let η be a primitive n-th root of 1 in k. For
any non-zero elements a and b in k the algebra A = ( a,bk )η is the k-algebra with generators x and y
satisfying
xn = a, yn = b, xy = ηyx. (1)
In the case n = 2, these algebras arise naturally in the theory of hyperbolic manifolds of dimensions 2
and 3. The group A∗/k∗ embeds naturally in A∗v/k∗v , for any Archimedean place v . Assume that the
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follows that for any maximal order D of the algebra A, the subgroup ΓD = k∗D∗/k∗ of A∗/k∗ can
be considered as a subgroup of either PGL2(R) or PGL2(C). In general this subgroup isn’t necessarily
discrete. However, this is the case in the following cases:
1. If v is the unique complex Archimedean completion of k and A ramiﬁes at all real completions.
In this case any subgroup of PGL2(C) commensurable with ΓD is called an arithmetic Kleinian
group [9, p. 257].
2. If k is totally real and v is the unique unramiﬁed Archimedean place for A/k. In this case any
subgroup of PGL2(R) commensurable with ΓD is called an arithmetic Fuchsian group [9, p. 259].
In this context, the problem of ﬁnding ﬁnite groups in the arithmetic Kleinian or Fuchsian group ΓD
can be rephrased as ﬁnding embeddings of orders of a particular type into the maximal order D. For
instance, ΓD contains a copy of the Klein group C2 × C2 if and only if the order D contains an order
of the form O[x, y], where x and y are as in (1) for some units a and b of k, and O is the ring of
integers in k. Note however that not every maximal arithmetic Kleinian or Fuchsian group is of this
type [2, §4]. There are also some generalizations of these constructions:
1. Let k be a number ﬁeld with s complex Archimedean places, and let A be a quaternion k-algebra
splitting at exactly r real places. Then there exists an embedding φ : k → Cs × Rr inducing an
embedding of D∗ into PGL2(R)r × PGL2(C)s whose image is an arithmetic subgroup as in [2, §3].
2. If k =Q and A is a central simple algebra of dimension 42 satisfying A∞ ∼=M2(H), where H is
the unique quaternion division algebra over R, then for any maximal order D, the group ΓD can
be identiﬁed with a discrete subgroup of PGL2(H), which is isomorphic to the group PSO(5,1) of
orientation preserving isometries of hyperbolic 5-space [7]. This construction can, therefore, be
used to study hyperbolic 5-orbifolds.
In this work we compute how many of the conjugacy classes of maximal orders of A contain a copy of
the ring O[x, y]. The corresponding problem when the embedded order is commutative was studied
in [5,6], and [1]. When n = 2, i.e., A is a quaternion algebra, the problem can be treated in terms of
representation of quadratic forms as pointed out in [4], but the study of algebras of higher dimension
requires the general theory developed in [1].
In all of this work we assume that a,b ∈O, but we do not assume that they are units. We assume
that either n > 2 or n = 2 and the Eichler condition is satisﬁed, i.e., there exists an inﬁnite place v of k
such that the completion Av is not a division algebra. The set of conjugacy classes of maximal orders
in A is in bijection with the Galois group of a ﬁnite unramiﬁed abelian extension Σ/k, the spinor class
ﬁeld for maximal orders [1]. The correspondence between classes of orders and k-automorphisms
of Σ is as follows: Fix a maximal order D. For any other maximal order D′ in A, there is an invertible
adelic element σ ∈AA such that
D′ = σDσ−1 (2)
(see [1, p. 2027] and [12, p. 191]). Then, the class of D′ corresponds to ρ(D,D′) = [N(σ ),Σ/k] ∈
Gal(Σ/k), the image of the reduced norm N(σ ) under the Artin map on ideles [8, p. 206]. The auto-
morphism ρ(D,D′) depends only on the conjugacy classes of D and D′ [1].
Assume now that D and D′ contain the order O[x, y]. Since O[x, y] is maximal at any ﬁnite place
℘ not dividing nab, the completions at ℘ satisfy D℘ =D′℘ =O℘ [x, y]. It follows that the computation
of ρ(D,D′) is reduced to places dividing nab. For every ﬁnite place ℘ dividing nab, let F℘ = Fpr be
the residue ﬁeld at ℘ , and let e = e℘ be the ramiﬁcation degree of A℘/k℘ . Let E℘ = Fper . We denote
the images of a and b in E℘ by α and β . We deﬁne the number ℘ as follows:
• If ℘ divides ab, we let ℘ = [E℘( n√β, n√α ) : E℘ ].
• If ℘ divides neither a nor b, and if n = pus where p does not divide s, we let ℘ = s.
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taining k such that the residue class degree f℘ = f℘(L/k) divides ℘ at every place ℘ of k dividing nab. Then
[Σ : L] is the number of conjugacy classes of maximal orders that contain a copy of O[x, y]. Furthermore, if
D is an arbitrary maximal order containing a copy ofO[x, y], another maximal orderD′ contains a conjugate
ofO[x, y] if and only if the automorphism ρ(D,D′) ∈ Gal(Σ/k) is trivial on L.
The word conjugate can be replaced by isomorphic image in the above theorem since any isomor-
phism φ :O[x, y] →O[x′, y′] between orders of maximal rank extends to an automorphism
φ¯ :A= k[x, y] → k[x′, y′]=A,
which is inner by Skolem–Noether Theorem [9, Th. 2.9.8]. The condition that ρ(D,D′) is trivial on L
is equivalent to either of the following conditions:
1. The element ρ(D,D′) ∈ Gal(Σ/k) is in the subgroup generated by [℘℘ ,Σ/k], where ℘ runs
over the set of all places dividing nab.
2. The class of the ideal N(σ )O in the quotient of the ideal class group corresponding to Σ/k is in
the subgroup generated by the images of ℘℘ , for all σ satisfying (2).
In particular, when n = p is a prime, Theorem 1 has the following simpler form:
Corollary 1. Let T be the set of all places dividing pab, except those places ℘ not dividing p at which either of
the following conditions holds:
• a /∈O∗℘ , b ∈O∗℘ , and b /∈O∗p℘ .
• b /∈O∗℘ , a ∈O∗℘ , and a /∈O∗p℘ .
If D is an arbitrary maximal order containing a copy of O[x, y], then another order D′ contains a copy of
O[x, y] if and only if the localizations ofD andD′ obtained by inverting the primes in T are globally conjugate.
Let OT denote the ring of T -integers of k, i.e., those elements in k that are integers at every ﬁnite
place ℘ /∈ T .
Corollary 2.With the assumptions of Corollary 1, there exists a unique conjugacy class of maximalOT -orders
containing a copy ofOT [x, y].
Note that Corollary 2 becomes trivial when we replace T by the larger set T ′ of all places divid-
ing nab, since the order OT ′ [x, y] is maximal.
When a and b are units, only primes dividing p need to be considered. This is the case for C2 × C2
subgroups of the group ΓD mentioned earlier. In particular, next Corollary applies to arithmetic
Kleinian or Fuchsian groups of this type.
Corollary 3. Assume thatD is a maximal order of the quaternion algebra A such that the group ΓD contains
a subgroup Ψ isomorphic to C2 × C2 , then for any other orderD′ , the group ΓD′ contains a conjugate of Ψ if
and only ifD andD′ become conjugate upon inverting the dyadic primes.
Note that when the Eichler condition is not satisﬁed, Theorem 1 remains true if one replace the
word conjugacy class by spinor genus of maximal orders [3,1].
2. The theory of spinor genera
In this section we recall some properties of spinor genera that are used in what follows. They are
proved in more generality in [1].
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is isomorphic to the group μn ⊆ k of n-th roots of unity. For any such group there is a spinor norm
map θ : GA → Jk/ Jnk where GA is the group of points of G in the adelic ring A of k and Jk the idelic
group of k. The spinor norm coincides with the reduced norm on A if G is the projective group A∗/k∗ ,
which can be identiﬁed with the automorphism group of A. The kernel of the spinor norm is denoted
G ′
A
. There is a natural action of GA on the set of lattices of maximal rank in V deﬁned as follows [1]:
For a lattice Λ and an element σ ∈ GA the lattice L = σΛ is the lattice locally deﬁned by L℘ = σ℘Λ℘ .
With this action, the genus of Λ with respect to the group G is the GA-orbit of Λ, while the spinor
genus of Λ is its GkG ′A-orbit. If Λ is a lattice of maximal rank in V , it is known that the set of spinor
genera in the genus of Λ is in bijection with the quotient Jk/k∗H(Λ), where H(Λ)/ Jnk ⊆ Jk/ Jnk is the
image under the spinor norm of the stabilizer GΛ
A
of the lattice Λ [1]. The class ﬁeld of k∗H(Λ) is
the spinor class ﬁeld ΣΛ of Λ. If G has strong approximation, spinor genera with respect to G are
just classes, i.e., Gk-orbits. This is the case for instance if G = A∗/k∗ for a central simple algebra of
dimension bigger than 4 or for a quaternion algebra that satisﬁes the Eichler condition [10, p. 427].
Let M and L be lattices in V . We say that M is represented by L if there exists an element g
in Gk such that gM ⊆ L. If Ω is a set of lattices, we say that Ω represents M if some element of
Ω represents M . Now let Λ be a lattice of maximal rank containing M . A generator for Λ|M is an
element u ∈ GA such that M ⊆ uΛ. The set XΛ|M of generators has the property that, for any g in
GA , the lattice M is G-represented by the spinor genus of gΛ if and only if g ∈ GkG ′Au for some
u ∈ XΛ|M . In particular, the set of spinor genera in the genus of Λ representing M is in bijection with
the image of θ(XΛ|M) in the quotient Jk/(k∗H(Λ)). Note that XΛ|MGΛA = XΛ|M .
Let H− be the smallest subgroup of Jk containing k∗H(Λ|M), where H(Λ|M)/ Jnk = θ(XΛ|M).
The class ﬁeld of H− is denoted Φ− . Similarly, we deﬁne H− as the largest subgroup H satis-
fying Hk∗H(Λ|M) = k∗H(Λ|M) and its corresponding class ﬁeld is denoted Φ− . It follows that
k ⊆ Φ− ⊆ Φ− ⊆ ΣΛ . We have Φ− = Φ− if and only if k∗H(Λ|M) is a group. In this case, the ﬁeld
Φ = Φ− is called the representation ﬁeld (or relative spinor class ﬁeld). Let x 
→ [x,Φ/k] denote the
Artin map on ideles modulo n-powers, which is well deﬁned since Φ/k is an extension of exponent n.
Lemma 1. (See [1, Prop. 3.4].) Assume Φ− = Φ− , so that the representation ﬁeld Φ is deﬁned. Let R be the
number of spinor genera in the genus of Λ that represent M. Let C be the total number of spinor genera in the
genus of Λ. Then C/R = [Φ : k], and a lattice Λ′ in the genus of Λ represents M if and only if for one (any)
σ ∈ GA satisfying Λ′ = σΛ we have [θ(σ ),Φ/k] = id.
3. Proof of the main result
Lemma 2. Let E be the residue ﬁeld of a central simple division algebra B over a local ﬁeld k. Let i be a
uniformizing parameter of B, and let π be a uniformizing parameter of k. Let M ∈ Mm(E) be a matrix of
rank r. Then, there exists a lifting M˜ of M to Mm(B), where B is the maximal order of B, satisfying the
following conditions:
• M˜ is invertible inMm(B).
• M˜−1i ∈Mm(B).
• The reduced norm N(M˜) is a generator of the ideal (π)m−r .
• The reduction L of M˜−1i ∈Mm(B) toMm(E) satisﬁes Im(L) = ker(M).
Proof. There exist invertible matrices P and Q in Mm(E) such that M = P DQ where D is a diagonal
matrix of the form D = (1, . . . ,1,0, . . . ,0) with 1 repeated r times and 0 repeated m − r times. Next
we lift P and Q to arbitrary invertible matrices P˜ and Q˜ in Mm(B) and deﬁne M˜ = P˜ D˜ Q˜ where
D˜ = (1, . . . ,1, i, . . . , i) with 1 repeated r times and i repeated m− r times. Then
M˜−1i = Q˜ −1(D˜−1i)(i−1 P˜−1i).
Note that P˜ ∈Mm(B), whence i−1 P˜−1i ∈Mm(B) and therefore L has rank m − r. Since ML = 0, the
result follows. 
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k-algebra with maximal orderB, maximal idealm, and residue ﬁeld E. Let A=Mm(B), and letD=Mm(B).
Let H = O[x, y] be an order generated by elements x and y in D satisfying (1). Let K = E[X, Y ], where X
and Y are the images of x and y in D/mD =Mm(E). Assume that every irreducible E-representation of the
algebraK has dimension t. Then there exists a local generator forD|H whose reduced norm generates π sO if
and only if t divides s.
Proof. First assume t divides s. It suﬃces to show that there exists a matrix M ∈Mm(E) of rank s/t
that satisﬁes MXL = MY L = 0, where L = L(M) is deﬁned as in Lemma 2, since this implies
M˜xM˜−1i ≡ M˜ yM˜−1i ≡ 0 (modm),
or equivalently, M˜xM˜−1, M˜ yM˜−1 ∈Mm(B). By the hypothesis on the irreducible representations there
exists a ﬂag of subspaces
{0} = V0 ⊆ V1 ⊆ · · · ⊆ Vm/t = E
invariant under both X and Y , such that Vu has dimension tu. The result follows if we choose M to
be an arbitrary matrix with kernel Vs/t .
Now let T ∈ A be a generator for D|H whose reduced norm generates π sO. In particular, by
deﬁnition of generator, H⊆ TDT−1, whence T−1xT and T−1 yT belong to D. We can ﬁnd P and Q
in Mm(O)∗ such that T = P DQ for a diagonal matrix D = diag(ir1 , . . . , irm ), where r1  r2  · · · rm
are integers. By multiplying by a scalar we can assume that r1 = 0. Note that T−1xT and T−1 yT are
integral matrices if and only if D−1P−1xP D and D−1P−1 yP D are integral. Replacing x by P−1xP and
y by P−1 yP , we can assume that T = D . Since both x and D−1xD are integral matrices, in the matrix
x = (au,v)u,v , both elements au,v and i−ruau,v irv are integers. It follows that if
0 = r1 = r2 = · · · = rq1 < rq1+1 = · · · = rq1+q2 < rq1+q2+1 = · · · ,
the matrix X has the form
X =
⎛
⎜⎜⎜⎜⎝
X1 ∗ ∗ · · · ∗
0 X2 ∗ · · · ∗
0 0 X3 · · · ∗
...
...
...
. . .
...
0 0 0 · · · Xt
⎞
⎟⎟⎟⎟⎠ ,
where every block X j is a q j-by-q j-matrix, and the same holds for Y . By the hypotheses on repre-
sentations, we conclude that t must divide every q j and the result follows since s = q1r1 + q2rq1+1 +
q3rq1+q2+1 + · · · . 
Proof of Theorem 1. From Lemma 1, it suﬃces to prove that the upper representation ﬁeld Φ− and
the lower representation ﬁeld Φ− satisfy the inclusions L ⊇ Φ− ⊇ Φ− ⊇ L. For this it suﬃces to prove
the following statements:
1. If D is a maximal order containing H = O[x, y], then for every class u, in the quotient
HL/H(D)k∗ of class groups, there exists a generator T for D|H whose reduced norm belongs
to u.
2. If T is a generator for D|H then its reduced norm belongs to the class group HL .
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H = k∗
( ∏
v∈∞
N
(
A∗v
)× ∏
℘∈∞c
O∗℘k∗m(℘)℘
)
,
where at ﬁnite places A℘ ∼= Mm(℘)(B), for a division algebra B = B(℘) [1]. In all that follows we
identify A℘ with Mm(℘)(B). This identiﬁcation is unique up to conjugation. Note that the class of an
idele of the form N(u) in Jk/H is totally determined by the valuations of the local coordinates N(u℘)
for ﬁnite places ℘ .
It suﬃces to consider the places at which H is not maximal, i.e., the places dividing nab, since
at other places all groups considered coincide with the class group of ΣA . Every maximal order in
Mm(℘)(B) is conjugate to Mm(℘)(B), where B is the unique maximal order of B . We may assume
that D℘ = Mm(℘)(B). Let E℘ and ℘ be as in the introduction, so that E℘ is the residue ﬁeld
of B . It suﬃces to prove that for any embedding of H℘ into D℘ , and every integer w , the following
conditions are equivalent:
1. There exists a local generator for D℘ |H℘ whose reduced norm generates πwO℘ .
2. ℘ divides w .
By Lemma 3, it suﬃces to show that every irreducible representation of K℘ = E℘ [X, Y ] has dimension
℘ , for every ℘ dividing nab. By elementary representation theory, it suﬃces to prove that every
irreducible representation of K℘/ J , where J is the radical of K℘ , has dimension ℘ . If a is not a
unit at ℘ , then its reduction α modulo ℘ is 0, whence Xn = 0 and X is nilpotent. Since XY = η¯Y X ,
where η¯ is the reduction modulo ℘ of η, it follows that K℘ X is a two-sided ideal, hence X is in the
radical. It follows that K℘/ J is a semi-simple algebra of the form E℘ [Y], where Y is the image of Y .
In particular, K℘/ J is a sum of ﬁelds K1 ⊕ · · · ⊕ Kt where every ﬁeld K j is generated over E℘ by
an n-th root of the reduction β of b. Since E℘ contains a primitive n-th root of unity (namely η¯), it
follows that every ﬁeld is isomorphic to E℘( n
√
β ) = E℘( n√β, n√α ) for a ﬁxed choice of n√β and the
result follows [11, Th. 2.3.13, p. 170].
Suppose now that a and b are units at ℘ , but ℘ divides some prime divisor p of n. If n = pt s
and p does not divide s, then ℘ = s. In this case, if η is an n-th root of 1, then its reduction η¯ in
the residue ﬁeld is a primitive s root of unity. The matrices X and Y satisfy XY = η¯Y X , whence Xs
and Y s are central. Since the residue ﬁeld is perfect, there exist elements γ and δ such that γ p
t = α
and δp
t = β . It follows that (Xs − γ ) and (Y s − δ) are central nilpotent elements, whence they are
contained in the radical. It follows that K℘/ J has generators X and Y satisfying the relations
X s = γ , Y s = δ, XY = η¯YX .
This algebra is clearly central simple, and since all ﬁnite division algebras are commutative, it is a
matrix algebra of dimension s2 over the residue ﬁeld E℘ . There is a unique irreducible representation
of the matrix algebra Ms(E℘) and its dimension is s = ℘ [11, Th. 2.3.13, p. 170]. 
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